We consider graphs with n vertices and m edges constructed from n isolated vertices by selecting among them, uniformly at random, m pairs and connecting them by m edges. The variance of the vertex degrees of such graphs is shown to be equal to 2m (n 2 − n − 2m)/(n 3 + n 2 ) . In order to arrive at this formula some combinatorial identities are verified.
INTRODUCTION
In connection with our recent studies of some spectral properties of randomly generated graphs [3, 4] we encountered the problem of finding the expected value and the variance of the vertex degrees of such graphs.
A graph possessing n vertices and m edges will be referred to as an (n, m)-graph. The random (n, m)-graphs examined by us were constructed by starting with the (n, 0)-graph, selecting in it, uniformly at random, m vertex pairs and connecting them by m edges. (This construction produces labelled (n, m)-graphs uniformly at random.)
One should note that under "random graph" one usually understands a graph with a fixed number of vertices, in which there is a given probability that an edge exists between any two vertices [1] . Hence the number of edges of such a random graph is a random variable [1] . On the other hand, the graphs considered in this paper have a fixed number m of edges, and only the placement of these edges between vertices is chosen by random.
Let G be a random (n, m)-graph, constructed as described above. Denote the number of its vertex pairs by N ; evidently N = n(n − 1)/2 .
In view of the fact that m edges in G can be selected in 
, the probability that a vertex in G has degree k is
This, of course, applies to any vertex of G .
The expected value E(d) of the degree of a vertex (any vertex) of G is thus
the expected value of the square of the respective degree is
and the variance
THE MAIN RESULTS
The average vertex degree in any (n, m)-graph is 2m/n . Consequently E(d) = 2m/n , which, in view of Eqs. (1) and (2) , is tantamount to
The above reasoning provides thus an elementary and utmost simple graphtheory-based proof of the combinatorial identity (5) .
The next problem is to find a similar expression for E(d 2 ) in terms of the parameters n and m . This could be achieved by calculating the sum S 2
In what follows we show that
From this formula and Eqs. (3) and (4) it is immediate that
and (7) Var (d) = 2m n(n − 1) − 2m n 2 (n + 1) .
PROOF OF FORMULA (6)
The expression (6) for S 2 is deduced by using two elementary identities that are, for instance, found in Riordan's seminal book [6] , namely
and Vandermonde's formula
By repeated application of (8) and (9) we obtain
and Eq. (6) follows. Thus we proved a combinatorial identity
Remark. One can prove this also automatically by using Zeilberger's algorithm. We demonstrate this by using the Paule/Schorn package [5] : 
In It is easy to verify that SUM (m) = 2m(2m + n − 1)/ n(n + 1) satisfies the recurrence. By checking that also the initial value of both sequences in m is the same, we complete the proof of the evaluation.
More generally, the identities (5) and (10) are special instances of 
